
Mathematical Foundations in AI

Kun Yuan

Center for Machine Learning Research @ Peking University



Center of Machine Learning Research

Contents

< 2 >

• Foundations in Linear Algebra, Probability, Stochastic Process, and Machine Learning
Linear regression；Logistic regression; Multi-class regression; Neural network

Word embedding；Language models; RNN; Seq2seq; Transformer; Decoder-only LLMs

• Foundations in Optimization

Basics in optimization; Gradient descent; Forward-backward propagation

Accelerated gradient descent; Proximal gradient descent; Zeroth-order method; Block-coordinate descent

Stochastic gradient descent; Momentum SGD; Adaptive SGD; 

• Optimization for Deep Learning, Large Language Models, and Reinforcement Learning

Mixed-precision training; memory-efficient training; distributed training; communication-efficient training

Word embedding；Language models; RNN; Seq2seq; Transformer; Decoder-only LLMs

Low-rank fine-tuning; block-wise fine-tuning; zeroth-order finetuning

Bellman equation; Temporal-Difference Learning; Policy Gradient; Actor-Critic Methods; TRPO; DPO; PPO



Center of Machine Learning Research

Grading policy

< 3 >

• Homework (~30%)

• Midterm Exam (~30%)

• Final Exam (~40%)



Center of Machine Learning Research

Teaching assistants

徐奥 (s-xa@bza.edu.cn)

游润文 (yourunwen1@gmail.com)

课程主页: https://pkumelon.com/teaching/mathematical-foundations-in-ai-2026-fall



A Brief Introduction to Deep Learning

Kun Yuan

Center for Machine Learning Research @ Peking University



Center of Machine Learning Research

Multi-classification
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• Multi-classification is very common in real life

[CS231n: Deep Learning for Computer Vision]
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Multi-classification
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• Face recognition is one of the most successful multi-classification tasks

郭达

Jason Statham

Elon Musk

Adam Lambert

Dwayne Johnson
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Predict the score
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• We first collect the dataset {ℎ!, 𝑦!}!"#$  where ℎ! ∈ 𝑅% is the feature and 𝑦! ∈ {1,⋯ , 𝐶} is the label

• We consider a linear model to predict the score of each class

where                 is the model parameters to learn and 𝑠! is the score that ℎ belongs to class 𝑖

[CS231n: Deep Learning for Computer Vision]
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Predict the probability
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• Given the score vector 𝑠, the probability of each class with the softmax function is as follows

• Given the model parameters    , we can predict the class that feature ℎ belongs to 

dog

• But a bad model      will result in incorrect predictions
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Cross-entropy
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Predicted 
probability

• How to measure the discrepancy?

discrepancy 

• How to achieve a good model     that can provide accurate predictions?        

• We need to train the model so that the discrepancy between ground-truth and predictions are 
minimized 
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Cross-entropy
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• Cross entropy can measure the difference between two distributions 𝑝 ∈ 𝑅% and q ∈ 𝑅%

• Examples:

Smaller cross entropy indicates smaller difference between p and q
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Multi-classification: Loss function
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• A good model     will minimize the discrepancy between predictions and ground-truth

prediction ground-truth feature of the i-th sample

• Once a good model       is achieved, we can make predictions as follows 

ℎ belongs to class 
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Deep neural network (DNN)
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• A deep neural network (DNN) typically includes a feature extractor and a classifier 

• Well-trained DNN can make precise predictions
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Example: convolutional neural network
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Feature extractor Multi-Classifier
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DNN model
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§                 is the DNN model parameter to be trained

§      is the number of classes

§      is a random input data sample

• We model DNN as                                  that maps input data     to a probability   

input output 0.8

0.18
0.02
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Training DNN can be formulated into an optimization problem
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• Define                                              as the loss function to measure the difference between

predictions and the ground-truth label, where        is the j-th element in  

• The model parameter       can be achieved by solving the following optimization problem 

prediction real labeldata distribution
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Training DNN can be formulated into an optimization problem
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• The model parameter       can be achieved by solving the following optimization problem 

prediction real labeldata distribution

• If we define                 and                                     , the above problem becomes    

• Most optimization researchers use the second formulation as the staring point to develop algorithms  
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DNN model is notoriously difficult to train
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• Highly-nonconvex cost functions; cannot find global minima; trapped into local minimum

VGG-56 VGG-110

[Visualizing the loss landscape of neural nets]
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DNN model is notoriously difficult to train
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• The model size is large, i.e.,                is of extremely high dimensions

[Train and deploy large language models on Amazon SageMaker]
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DNN model is notoriously difficult to train
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• The size of the dataset is huge

[LLaMA: Open and Efficient Foundation Language Models]

Crawled data from websites; in both high quality and low quality

High-quality data
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DNN model is notoriously difficult to train

< 21 >

DNN training  = Non-convex training + Huge dimensions + Huge dataset

Efficient and scalable optimization approaches are in urgent need 


